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2 Harrison, Kreps, Pliska A
no arbitrage no free lunch (contingent claim)
(
(transaction cost free) )
risk free rate
(1 ) (no arbitrage) equivalent martingale measure


















\mbox{\boldmath $\xi$}(t) $\mathcal{F}_{t}$ $T$ capital
gain
$\int_{0}^{T}\xi(t)dP^{1}(t)$
$T$ (contingent claim) (price system)
1(1) $T$
(2) $\pi$ $L^{\infty}(\Omega, \mathcal{F}_{T}, dP)$ $P(X>0)=1$
\pi (X) $>0$

















$X= \max\{S(T)-a, 0\}$ $X$ $E^{P}[X]$
4
$(\Omega, \mathcal{F}, P)$ $\#(\mathcal{F})<\infty$ $n\geq 1$ $\{\mathcal{F}_{k}\}_{k=0,\ldots,n}$ $\mathcal{F}$ $\sigma-$
$\mathcal{F}_{0}$ trivial, $P(B)=0$ or 1, $\cdot$ $B\in \mathcal{F}_{0}$
2 security $0$ security 1
security $i(i=0,1)$ $k$ $P^{i}(k)(k=0, \ldots, n)$ F
security 1 $100c_{0}\%$
100 $c_{1}$ % $(c0\in[0,1),$ $c_{1}\geq 0$ ) $\circ f$ : $Rarrow R$
$f(z)=\{\begin{array}{l}(1-c_{0})z(l+c_{1})z\end{array}$ $ifz>0ifz\leq 0$
$k$ security 1 $-z(z\leq 0)$
$-f(z)P^{1}(k)$ $z(z>0)$ $f(z)P^{1}(k)$
$\mathcal{I}$ $\{I(k)\}_{k=0,\ldots,n}$ ( )
$I(k)>0$ $I(k)$ security 1 $I(k)<0$
$-I(k)$ security 1
$\tilde{P}$( ; $\omega$ ) $=P^{0}(k;\omega)^{-1}P^{1}(k;\omega)$ , $k=0,1,$ $\ldots,$ $n,$ $\omega\in\Omega$
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$x=(x^{0}, x^{1})\in R^{2}$ $I\in \mathcal{I}$ $R^{2}$ -
$X(k;x, I)=(X^{0}(k;x, I),$ $X^{1}(k;x, I))$ $k=0,1,$ $\ldots,$ $n$
$X^{0}(k;x, I)=x^{0}- \sum_{t=0}^{k}f(I(l))\tilde{P}(\ell)$
$X^{1}(k;x, I)=x^{1}+ \sum_{\ell=0}^{k}I(\ell)$
$X(k;x, I)$ $x$ $I$ $k$
3 contingent claim $Y\in L^{\infty}(\Omega;R^{2}, \mathcal{F}_{n}, dP)$
$\pi^{*}(Y)=\pi^{*}(Y;c_{0}, c_{1})$
$\pi^{*}(Y)$
$=$ $\inf$ { $x^{0}P^{0}(0);x^{0}\in R,$ $\exists I\in \mathcal{I}Y^{i}\leq X^{:}(n;(x^{0},0),$ $I),$ $i=1,2$ , P–a.s.}
4 $I\in \mathcal{I}$ efficient
$P(I(k+1)\geq 0,\tilde{P}(k+1)\geq\tilde{P}(k)|\mathcal{F}_{k})>0$ $P-a.s$ .
$P(I(k+1)\leq 0,\tilde{P}(k+1)\leq\tilde{P}(k)|\mathcal{F}_{k})>0$ $P-a.s$ .
$k=0,1,$ $\ldots,$ $n-1$
3 $I\in \mathcal{I}$ efficient
$\pi^{*}(X(n;(x^{0},0),$ $I$ )) $=x^{0}P^{0}(0)$ , $x^{0}\in R$




$Z(k)$ : $\Omegaarrow R$ , $k\in N$
$Z(k, \omega)=\omega_{k}$ , $\omega=(\omega_{1}, \omega_{2}, \ldots)\in\Omega$
$\Omega$ $P$
$P(Z(k)=-1)=P(Z(k)=1)= \frac{1}{2’}$ $k\in N$
Bernoulli
$\mathcal{F}_{0}=\{\emptyset, \Omega\}$
$\mathcal{F}_{k}=\sigma\{Z(1), \ldots, Z(k)\}$ , $k=1,2,$ $\ldots$
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$r,$ $\sigma,$ $\mu\in(0, \infty)$ , $T>0$ , $c_{0},$ $c_{1}\in[0, \infty$ )









$(k=0, \ldots, n, \omega\in\Omega)$ security $i(i=0,1)$ $\ovalbox{\tt\small REJECT}$ |I $(k/n)T$ $P(k;\omega)$
maturity time $T$
Cox-Ross-Rubinstein n-step multiplicative binomial lattice model
$(c_{0,n}, c_{1,n})\in(0,1)\cross(0, \infty)$ $narrow\infty$
$W_{n}$ : $R^{1+n}arrow C([0, T];R)$
$W_{n}(\{y(k)\}_{k=0}^{n})(t)=([nt/T]+1-nt/T)y([nt/T])+(nt/T-[nt/T])y([nt/T]+1)$ $t\in[0, T$ )
$W_{n}(\{y(k)\}_{k=0}^{n})(T)=y(n)$
( $\{y(k)\}_{k=0}^{n}\in R^{1+n}$ ) $\gamma=c_{0}+c_{1}$ $P_{M}(\sigma, \gamma)$
$C([0, T];R)$ $Q$
(1) $\{w(t);t\in[0, T]\}$ $Q(dw)$
(2) $Q(w(0)=1)=1$
(3) $\{\log w(t);t\in[0, T]\}$ quadraic variation $<\log w>t$
$\sigma(\sigma-\gamma)dt\leq d<\log w>_{t}\leq\sigma(\sigma+\gamma)dt$ $a.e.t\in[0, T]$ , $Q-a.s.w$
4 $F:C([0, T];R)arrow R^{2}$
$\lim_{narrow\infty}\pi_{n}^{*}(F(W_{n}(\{P^{1}(k;\omega)\}_{k=0}^{n})))$
$=$ $\sup\{E^{Q}[F_{0}(\{e^{rt}w(t);t\in[0, T]\})+w(T)F_{1}(\{e^{rt}w(t);t\in[0, T]\})];Q\in P_{M}(\sigma, \gamma)\}$
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5
$(\Omega, \mathcal{F}, P)$ $T>0$ $\{\mathcal{F}_{t}\}_{t\in[0,T]}$ $\mathcal{F}$ $\sigma-$
$\mathcal{F}_{0}$ trivial. $P(B)=0$ or 1, $B\in \mathcal{F}_{0}$ $\mathcal{F}_{T}=$
$v_{t\in[0,T)}\mathcal{F}_{t}$ 2 ( ) security $0$
security 1 $\circ$ security $j(i=0,1)$ $t$ $P^{i}(t),$ $t\in[0, T]$ ,
security 1 100co% $100c_{1}$ % $(c0\in[0,1),$ $c_{1}\geq 0$)
$\mathcal{I}$
$\{I(t)\}_{t\in[0,T]}$ $I(O)=0$ $ess.supI(T)<\infty$
$\mathcal{I}^{2}$ $\{I_{J}\cdot;j=0,1\}$ ( ) $\{I_{J}\cdot;j=0,1\}$
$(s, t$] security 1 $I_{1}(t)-I_{1}(s)$ $I_{0}(t)-I_{0}(s)$
$\overline{P}(t;\omega)=P^{0}(t;\omega)^{-1}P^{1}(t;\omega)$ , $t\in[0,T],$ $\omega\in\Omega$
$x=(x^{0}, x^{1})\in R^{2}$ $I_{*}=\{I_{J} ; j=0,1\}\in \mathcal{I}^{2}$ $R^{2}$-




$X(t;m, I_{*})$ $x$ $I_{*}$ $t$
$F$ : $Rarrow R$
$F(x)=\{\begin{array}{l}(1-c_{0})x(1+c_{1})x\end{array}$ $ifxifx>0\leq 0$
$X^{0}P^{0}(t)+F(X^{1})P^{1}(t)$ $t$ $X=(X^{0}, X^{1})$
5 $(x, I_{*})\in R^{2}\cross \mathcal{I}^{2}$ admissible
$X^{0}(t;x, I_{*})+F(X^{1}(t;x, I_{*}))\overline{P}(t)\geq 0$ , $t\in[0, T]$ , $P-a.s$ .
admissibility
6 price system $L^{\infty}(\Omega;R^{2}, \mathcal{F}_{T}, dP)$ $R$ $\pi$
$X=(X^{0}, X^{1})\in L^{\infty}(\Omega;R^{2}, \mathcal{F}_{T}, dP)$




7 price system $\pi$ pre-consistent
$\pi((1,0))=P^{0}(0)$
$(1-c_{0})P^{1}(0)\leq\pi((0,1))\leq(1+c_{1})P^{1}(0)$
admissible $((x^{0},0),$ $I_{*}$ ) $\in R^{2}\cross \mathcal{I}^{2}$
$\pi(X(T;(x^{0},0),$ $I_{*}$ )) $\leq x^{0}P^{0}(0)$
8 price system $\pi$ countably additive
$\pi(X)=E^{P}[X^{0}\rho^{0}+X^{1}\rho^{1}]$ , $X=(X^{0}, X^{1})\in L^{\infty}(\Omega;R^{2},\mathcal{F}_{T}, dP)$
$(\rho^{0}, \rho^{1})\in L^{1}(\Omega;R^{2}, \mathcal{F}_{T}, dP)$
$(c_{0}, c_{1})\in[0,1)\cross[0, \infty)$ $\mathcal{P}(c_{0}, c_{1})$ (resp. $\mathcal{P}_{c}(c_{0},$ $c_{1})$ ) $(c_{0}, c_{1})$
pre-consistent price system (resp. countablly additive pre-consistent price
system)
1 (1) $\mathcal{P}(c_{0}, c_{1})$ $\mathcal{P}_{c}(c_{0}, c_{1})$ $((c_{0}, c_{1})\in[0,1)\cross[0, \infty))$
(2) $(c_{0}, c_{1}),$ $(c_{0}’, c_{1}’)\in[0,1)\cross[0, \infty)$ $c0\leq c_{0}’,$ $c_{1}\leq c_{1}’$
$P(c_{0}, c_{1})\subset \mathcal{P}(c_{0}’, c_{1}’)$
(Black-Sholes )









$\nu_{n}arrow\nu$ , $narrow\infty$ , in $\mathcal{P}_{\infty}$
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$\Leftrightarrow$
(1) $\sup_{n}E^{\nu_{n}}[|w|_{W}^{p}]<\infty$ , $p\in(1, \infty)$
(2) $g:Warrow R$
$E^{\nu_{n}}[g]arrow E^{\nu}[g]$ , $narrow\infty$
$\mathcal{P}_{\infty}(c_{0}, c_{1})$
$=$ { $\nu\in P_{\infty}$ ; $\exists\pi\in \mathcal{P}_{c}(c_{0}, c_{1})$ $\pi((g(\tilde{P}(\cdot;\omega)), 0)=E^{\nu}[g]$
$\forall$ bounded continuous functions $g$ : $Warrow R$ }
$\overline{\mathcal{P}}_{\infty}(c_{0}, c_{1})$ $P_{\infty}(c_{0}, c_{1})$ $\mathcal{P}_{M}$ $p_{\infty}$ $\nu$
2
(1) $\nu(dw)$ $\{w(t);t\in[0, T]\}$
(2) $\nu(w(0)=1)=1$
5 (1)
$\cap\{\overline{\mathcal{P}}(c_{0}, c_{1});(c_{0}, c_{1})\in(0,1)\cross(0, \infty)\}=P_{M}$
(2) $g$ ; : $Warrow R$ , $i=0,1$
$\bigcap_{(co,c_{1})\in(0,1)\cross(0,\infty)}\{\pi((g_{0}(P^{1}(\cdot;\omega), g_{1}(P^{1}(=;\omega))));\pi\in \mathcal{P}(c_{0}, c_{1})\}$







$\{E^{\nu}[-ae^{-rt}+w(T), e^{rT}w(T)>a];\nu\in \mathcal{P}_{M}\}=[\max\{1-ae^{-rT},0\},$ $1$ )
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$\bigcap_{(c_{0},c_{1})\in(0,1)\cross(0,\infty)}\{\pi(X(\omega));\pi\in \mathcal{P}(c_{0}, c_{1})\}\supset(\max\{1-ae^{-rT}, 0\}, 1)$
No Arbitrage
Black-Scholes
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